STUDY MATHS 


Complex Numbers 


Heads Up: 


V^T = i -» i 2 = -1 

e l 2 =i ; e~ l 2 - -i -,e in - -1 -,e i2n -l 


Z = x + iy 



Cartesian Form 

Polar Form 

.! 

if 

z = r + n/ 

— - • 

• P(r, e ) 


i 

i 

i 

i 
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/ i 

i 

o—l -► 



i , 

pole polar 

axis 

Z — x + iy 

Re(Z ) = x ; Img(Z ) = y 

Z = r e ie 

r = yjx 2 + y 2 = \z\ 

6 — tan -1 — arg(z) 


x = r cos 0 ; y = r sin 6 

y 























Properies 


Properties of modulus 

Properties of conjugate 

|z| = 0 => x = 0 \y — 0 
\Z\ = \z\ = 1 z\ 

\zj.z 2 1 = |Zi||z 2 | 

\Z\ + Z 2 \ < |Zi| + |z 2 | 

\Zi~Z 2 1 > |Zi| - |z 2 | 

Zi _ \Zl\ 

z 2 \z 2 1 
|z n l = kl n 

|z| 2 = (zz) 

z = z-iy = r e ~ l9 
( Zi + z 2 ) = z{ + z ~ 2 
( z x - z 2 )=z 1 -z 2 
(Zi\ _ £i 

W z- 2 

zz = x 2 + y 2 = |z| 2 
z n = z 71 

1J /(z)rfz | < J |/(z)||dz| 


Argument Properties 

arg(z 1 z 2 ) = argCzi) + arg(z 2 ) 
arg = arg(z x ) - arg(z 2 ) 

arg(z n ) = n arg(z) 
arg(z ) = - arg(z) 

3rg (z) = ~~ arg ( z ) 


z = x + iy ;9 = tan 1 (^j + 2nn n = 0 ± 1 ± 2 ... 
9 principle value — n < 9 <n 


Demoiver Theorem 


(cos 9 + i sin 9) n — cos n9 + i sin n9 


Roots of Complex Num 


i i (9 + 2nk\ (9 + 2nk\ 

Zn — rn [cos ^— -J + i sin ^— -J] 

k — 0,1, ...,n — 1 


v p 

Z<i - rQ 


cos 


P{9 + 2nk ) 
9 


+ i sin 


P(0 + 2nk) 
9 


k = 0,...,q - 1 
























Functions of complex 

variables 

W — F(z ) — u(x,y) 

+ i v(x,y ) 


letW = F(z) = u + iv 
= p e 1 ^ 






** 1 


l a i'y^-i 


/(z) = e z = e x+iy = e x (cosy + i sin y ) u = e x cosy ;v = e x sin y 
f(z) = ln(z) = In re 10 = lnr + i (0 4- 2nk) •• u = lnr = In ^/x 2 + y 2 ;v = 6 = tan -1 


x 


Note : 

z Jl 6Jja ^ w=f(z) Jjlai* ^ 

: lM 

jc> (j^ian Z Jl Sjjall "1 
^1 jl VV Jl J^j f(z) Aa^Ull l—bal^» Ls lc. -2 
Igja a£!!/IxJ1 jjjIj .jVI Z Jl 4jjuj W Jl - 3 





jW— ■ 



+ 2nk 





















Limit of Complex Fun. 


lim /(z) 

Z->z 0 

limit exists jl 

Jliijjl >^Vnni — or - -2 

' oo 0 

cjIjL^II ^i„n imj(z), Re(z ), Z. \Z\ tsj Complex JW oUk cjjal jl -3 


; CjIjLuiaII AkjjJa 


x , y /(z) -> /(x , y ) -1 

put y = y 0 then lim f(x, y ) -2 

x->x 0 

put x — x 0 then lim /(x,y) -3 

(y^yo) 

O-j(_ jXa ^kjj ^-j jl ml. (jXa t 6^j-o Ajlgjll AjjVjolL. 3 J 2 (j^- 1 -4 


Continuity of Complex fun. 


Function is continuous if 

1- f(z 0 )exists 2- lim exist 3-(1) = (2) then the fun. Is cont. at z 0 

z->z 0 

Jl. 0 ' 3aaj Xic. (Jl. V1 | oJ^aCLa Jl jkl 

;J1. V1 .i&iyi you 

1 — Polynomial cont. for all z 
2 — sin, cos, sink, cosh, e z cont fot all z 


3 — /(z) = — cont. for all z except { Q(z) = 0 } 


1 nn 

4 — secz —-> cont for all z except z — ± — 

cosz 2 

1 

5 — cosec z = - * cont for all z except z = ±nn 

sin z 






Derivative of Complex Num. 


ajjI*JI (jtSiuiVI ac.I ja i/z jl cos z j sin z a^aIc. ciAk_^ jl -i 
ajjVI ALjJall imj(z), Re(z), Z . \Z\ csj Complex JW cjUU. tiuil jS -2 

/(z + Az) - /(z) 


/'(z) = lim 

Az->0 


Az 


-> must exist 


lim lim 

Ax->0 Ay->0 


Ajt_g_i]| ^ 5 ^ (AjI^LoiaII j y jx 4 _ 1 Vaj Lg-^aj jl 

/(z + Az) - /(z) 

Az 


lim lim 

Ay->0 Ax->0 


/(z + Az) - /(z) 
Az 


Analytic Fun. 


l^c-lk jl j Alaklll Ak (JjJalilil ALli jl Alaaj Ak lilkllj| Igil <11^11 ^Ic. <Jjaj 
(j;LaJallj (J£ Ak (JjJalilil ALli <jj£j Lai ( (jLa^ (JaaA kj 


Complex Plane J' ^ -^1 ^ uj^ entire j 

singular points ja. aIIaIUI t&Ak AtiilUl jk jj£j Jaliill 


Couchy Riemann equations 


Coushy Rieman u^ljS 


Cartesian 

Poalr 

II 

* 

3 

v e 

li r — - 

1 

II 

3 

r 

u e 

r r 

/'(z) = u x + iv x = Vy — i Uy 

f'(z ) = e - ' 0 [u r + i v r ] = - e~ l9 [v e - iu e ] 

r 


r 




^Acous 

Rieman 

hy t 

L 


J 



r 


1 

U,V 

i 

,Ux,Uy,V> 

cVy 

l 

L 


J 



r 

* 


1 

L 

Analytic 

\ 

l 

L 


J 


Analytic l£A lP 1 
coushy 
Rieman 


v_y 
















Harmonic Functions 


Analytic => Harmonic 

Harmonic => Achieve Laplace Equation (V 2 3 u = 0, V 2 v — 0 ) 


Laplace equation : 


V 2 u = 0 

V 2 17 = 0 

^ XX Uyy 0 

^XX Vyy 0 

1 1 

U rr "1 U r "1 r Ugg — 0 

r r z 

1 1 

V rr +-v r +—Vgg = 0 
r r z 


Notes 

if f — u + iv is harmonic solution of laplace ••• we call u harmonic conjucate of v 

if f = u + iv harmonic and if we draw u = c t and v 

= c 2 then their curves will be orthogonal 


Elementary Functions 


1- Exponential 

e z — e x+iy — e x [cos(y + 2nk) + i sin(y + 2nk) ] -> entire functions 

Perid ■ 2ni 
e z = e z 


Multi — one fun. 

to make it one to one put ( —n < 6 <n )Principal Value 

2- Complex Logarithm 

Inz — In |z| + i (6 + 2nk ) 

Principal value ln(z) = In r + i 6 — n < 9 < n called principal branch 
Analytic for all z except img(z ) — 0 and Re(z) < 0 [—ve x — axis] 


3- Complex Power 

a ■ complex number 

* 2, a — Q a ^ z — Q a [lnr +* (0+2nk )] 

Principal Value : Z a — e a [ lnr+[0 l where ■■ —n < 6 <n 

— z a — a z a_1 diff Vz except (( Re(z) < 0 & img — 0 )) 

** a z = 
d 

— a = a * In a diff Vz 










Trigonometric, hyperbolic functions 


IZ I a -iz 


e lz + e 


sinz = 


2 i 


sinz 

tanz =- , secz = 

cosz 


, cosz — 
1 


-> entire of period 2n 


cosz 


entire except z = ±( 2 n + 1 ) 


1 cosz 

cosec z = — -, cotz = —— -> entire except z = ±nn 

sinz sinz 

Period sin. cos -> 2n 
Period ■ tan. cot -> n 


n 

2 


IDENTITIES : 

cos(—z) — cos(z) ; sin( — z) — —sinz 
Sin 2 z + cos 2 z = 1 

sin( z 1 ± z 2 ) = sin z x cos z 2 ± cos z x sin z 2 

cos ( z x + z 2 ) = cos z x cos z 2 + sin z x sin z 2 

sin 2 z = 2 sinz cosz 
cos 2 z = cos 2 z — sin 2 z 

\sinz\ = ^/sin 2 x + sinh 2 y 

| cos x | = yfc os 2 x + sinh 2 y 

Hyperbolic 


e z —e~ z e z +e~ z 

sinhz =--- , coshz =---* entire period 2n 

sinh(iz) = isinz ; sin(iz) = i sinhz 
cos iz = coshz ; cosh iz = cosz 

sin(iz) isinh(z ) 

tanfiz ) —- 7 —- —- ttt — i tan h z 

cos(iz) cosh(z) 


sinh(—z) = — sinh(z) 
cosh(—z) = cosh(z) 
cosh 2 z — sinh 2 z = 1 

sinh(z x + z 2 ) = sinhz-L coshz 2 + coshz x sinhz 2 
cosh(z 1 ± z 2 ) = coshz! coshz 2 ± sinhz! sinhz 2 





















inverse 


sinh 1 z = In ( z + j (z 2 + 1) j 
cosh -1 z = ln( z + yj z 2 — 1) 


tanh 


-i ^ - 


1 1 + z 

2 ln( T^ } 


sin. 1 z = —•! In 



COS 


1 7 


+ 1 (1 — 



1 

2i 



COMPLEX INTEGRALS 


/ /(z) dz => F(z) Contour jC** ^ 


^jtc. igiajj ia.ij jjiio ^ J*1 £j l ^ivi Contour J' z = x + iy <J' ^ : UlaJ 

(ja ^)j£l LS^ 






c :y = /(*) 

r x 2 

I /(x) dx 

Jxi 

C • x = /(y) 

ryz 

/(y) dy 

hi 

x=f(t);y = g(t ) 

fV(t) dt 

J t i 

^ ^ ^ i9 

-> Polar for 

rO 2 

mdd 

J <h 






















Couchy Theorems ( closed C ) 


1- If fun. Is analtric in SCD (without holes)V SCC in F <J> c /(z)dz = 0 
2- If fun. Is anlalytic in MCD ( with holes) we use deformation of contours 



3- 


When 


P(z) 


c (z-z 0 )"+i 


dz is not analytic in 


C but p(z) analytic in C 


Z 0 E C 


n = 0 

n > 0 

j 

f dz 

z-z 0 

= 27T i p(z 0 ) 

X p o) 

t (> - z 0 ) n+1 Z 

2ni 

n \ t P ( Z )]z=z 0 


4- If fun. Analytic in SCD, C is any open contour ••• J c /(z)dz is independent on C J\ ^ 


Bounding Theorem 


If f(z) is continuous on smooth curve C and |/(z)| < M VzE C then 


[ f(z)dz 
Jc 

rb 

■= V* 

■'a 


< ML where L is the lenght of C 


i 2 (t) + y 2 (t) dt 



* ^ 

















If f(z) is continuous and analytic on closed curve C then 


|/(z)| attains the maximum on C 


Couchy Inequality 



Liouvills theorem 


n — 1 


if it'sanalytic on the complex plan but bounded then it's constant 

M 

1/ Oo)l < — —- = o 

p —> oo 

Q (Jj ^pl JjjLLo Clul£ C JJ.w<Q AjjIj ^ 

C J eA uA 5 max boundary C ^ u^j 


Taylor Series 


If fun. Is analytic on Domain and z 0 e D and fun. is amalytic at z 0 then tghe series 


Z / fe (z 0 ) . 

(——— (z — z 0 ) K —> \z — z 0 \ < R (to be convegent) 


if z 0 = 0 it's maclurin series 


Z f k ( 0 ) . 

0) ) "» |z| < R 


I ghqVn <^ 111 J series Ji L>^ Aj 


Note ! V j (JjJalij 










2 3 

Z Z Z * 3 

e ' = l + Z + -+- + 
z 3 z 5 

sinz = z — — + — + •• 

Z^ z^ 
cosz = 1 -— + — 

z 3 z 5 

sinhz = x + — + — + ■ 

z 2 z 4 
c°shz = l + - + - 


\Z\ < oo 


1 — z 
1 

1 + z 


= l + z + z 2 +z 3 + 


= 1 — z + z 2 — z 3 + 


n(n — 1) „ n(n — l)(n — 2) , 

(1 + z) n = 1 + nz + V ^ z 2 + —-^- —z 3 + 


_ZL 


_2L 


|z| < 1 


Radius of convergence |z 0 — z* \ 

where z* : nearest isolated singular point of the f in the D 


Laurent Series 


z 0 isolated singular point of fun 
f{z) — Principal Part + Analytic Part 


= ■■■ + 


+ ■ 


(z - z 0 ) 2 z - z ( 


+ a 0 + a 1 (z-z 0 ) + a 2 (z-z 0 ) 2 + 


= ^ a_ k ( z - z 0 ) fc + > a k ( z - z 0 ) f 

fc=l /c = 0 

r < | z - z 0 1 < /? 

or 

oo 

f(z) = ^ a n (z-z 0 ) n ,cgt r < \ z — z 0 \ < R 



- 1 l fis) n 

a ” 2ni J c (s - z 0 ) n+1 S 


Zeros of f(z) 


z 0 is a zero if /(z 0 ) = 0 

z 0 is a zero o/ order m if /(z 0 ) = /'(z 0 ) = /”( z o) — 


— / m_1 (z 0 ) — 0 


But/ m (z 0 ) ^ 0 
















Classification of Singulity 


Singulity is a value that make /(z 0 ) = oo 
Res ( /(z),z 0 ) = a_! 0 < |z — z 0 | < R 
1 

Res = - 

z-z 0 

j>f ( z)dz — 2ni ^ Res 

(1) Removable 

if Principal part = 0 

lim /(z) ^=oo 
z->z 0 

Res = 0 


(2) Pole 


Simple 

n_ i 

+ a 0 + a x (z z 0 ) + a 2 (z z 0 ) 2 + ••• 

z — z 0 

/?es = lim [ (z - z 0 )/(z) 

z->z 0 

or Res = 

ff Oo) 

Pole of order n 

_ a -n a -2 a -l 

(z — z 0 ) n (z — z 0 ) 2 z — z 0 

+ a 1 (z-z 0 ) + a 2 (z-z 0 ) 2 
_|_ ... 

fi “ = Cn-H!!!S , .dz»- [(z Zo) " /(z)] 


(3) Essentially 

1 A ill - ■' J 

on; y principal part 

111 
Ex ■ sin- , cos- ,sinh- , 
z z z 

‘Calc, ^a- Ai ^ULali £ cji 

lim /(z) = oo 

z->z 0 















Res (/(z),z 0 ) = co. 



= a_! 


from laurent 


NOTE : 

Before get Integral make sure that all res is in Contour!!! 


(JaJ UaIc- (jil 

1- Cochy theorems 2- Res 
Res J4 M^ 




Real Integral 


y*l_• 


cET 



-ZA> 

I /(6S&,SinG)dG- 
1 

W-j V* 



# 

' e. 

(%/)£>= gV V ^ * 1 

£ 

Sw9= 14" | 

2t J 


J P, ^ PM • 

C kcj*i,tfq7? y yk 


fafLfepobj c 





7 


'Wjjsj, 


J Mt + / 


1 


/>/✓) M n *dx 


'?«. $:» 

fCM#' 

■ 1 

4fJ • 

Oo$ aA , 

<T,nnX jP> 


C£ 

C: de =£ PoLj> 

§5>o-*v , Ufir 

cjziy W'lirijwty' rt(ij £ 

A * f + f 



















Complex Inversion Formula 


i r A ~ lt 

fit) = L _1 [F(5)] = — e st F(S)dst> 0 
2m J A+it 

fit) = 0 t < 0 


or (easier form) 
fit) = [e st FiS)dt ] 


Nyquist Diagram and Principle of argument 





OlS^ 



H 

1 ^ 

J 

V 

! > - • 

-R | 



5 = 

rh = tan -1 V 


GiS) 

Transfer function : z = 1 +CH[chc eqn) 

$0) = S 3 + S 2 ^F(s)=| r -±i 

j(l) i <J| (^jauU -1 

17 . ... .... 


0net — 0end — "3 

5 = Re 6 jjWI o-oj "4 

5^ jjjIj a! ^^111 p -5 

p = R 3 ; (p = 36 jj jW*-* -6 

Cluj A^.jjj (j\± JijA^. A^.^j llu 1 ijAa. (j* -7 

net variations of argw onC — net + net -8 
number of zeros — invac) -9 






















System of Linear ODE 


1- Homogenous System 


x = A x ,x(0) = Xq 

solution ■ x(t) — e At x 0 — ( T e D/t T -1 ) x 0 


1 — get A ■■ 

From |j4 — AI\ — 0 

2 — solve for x solutions 

04 — AI)x — 0 with gauss elimination 
3 — get T 
T = (x 1 x 2 x 3 ...) 

4 — get x(t) 

x(t) = (Te^r 1 )x 0 

/e Al 0 0 \ 

x(t) = Ui x 2 x 3 ...) I o e Az 0 ) Oi x 2 x 3 ...) _ 1 x 0 

Vo 0 e A 3 / 

2- Non-Homogenous system 

x = Ax + u(t) ,x(0)=x 0 

solution = x(t) = e ' 44 x 0 + e At I u(t) dt 

Jo 

Stability of D.E 

A = a + i p 


all a (— ve) 

Stable 

a ( — ve or 0 ) 

Neutrally stable ( not repeated) 

One a(+ve ) 

unstable 












- C ^ (.Ckb>a - W&2.) X s:?bvf v » V> 2, ^ .1 £x —— 

-*w 

-^A- u r C>CV) -l j ‘jp<y_^>_^ C, ■•'—- cjtf 

--;- r ' .^^ >> ^~ 


Generalization inverse 


1- Determine the rank of the Matrix ( number of non zero rows ) 

2- Choose from the matrix a non-singular (|M| =£ 0 minor (M( rxr ) 

3- Get (M -1 ) r 

4- Put (M -1 ) r in the same place of M and anything else put it 0 

5- Transpose the final matrix G — Aj inal 
6 - Check step A — AG A 
Any matrix can represented T D^ T -1 


















Series solution of ODE 


Q 2 (x)y" + Qi( x )y' + Qo (x)y = 0 around x 0 
put it on the form 

Qi Qo 

y" + 7T y' +7T y = 0 => y" + Py' + qy = o 


lim P =£ oo && lim q ^ co 

x->Xq_x->Xq 


lim P = oo or lim q = oo 

x->Xq _x-»x n 


x 0 is an ((ordinary point)) for D. E 

OO 

y = ^ a„0 - x 0 ) n 

71 = 0 

oo 

y' = ^a n (n)(x-x 0 ) n_1 

71=1 

oo 

y" = ^ a n (n)(n - l)(x - x 0 ) n_2 


71 = 2 


Xn — 0 


y = ^ a n (x) n 

71=0 

00 

y' = ^ a n( n )(x) n_1 

71=1 

oo 

y" = ^ a n (n)(n - l)(x) n ~ 


71 = 2 


••• x 0 is a (( Singular Point S)for D. E 


lim (x — x 0 )P ^ oo or lim (x — x 0 ) 2 q ^ oo 

X^>Xq X->Xq 


Regular s.p 

OO 

y = 'Y j a n (.x-x 0 ) n+A 

71 = 0 

OO 

y' = ^ a n (n + A)(x - x 0 ) n+A_1 

71 = 0 

OO 

y" = ^ a n (n + A)(n + A - l)(x - x 0 ) 


71=0 


71+A - 2 

Put (x — x 0 ) — a) and substitute in D. E 
x 0 = 0 


y 


= £ a n (x)" +A 


71 = 0 


/ = ^ a n (n +A)(x) n+A 1 


71 = 0 


— ^ ' CL n (jl + /l)(72 + /l — l)(x) 


71+A—2 


71 = 0 


lim (x — x 0 )P = oo or 

X^Xq 

lim (x — x 0 ) 2 q = oo 

x->x 0 

Irregular s.p 










Solution Steps : ( Ordinary Point) 


1- Decide the type of the point 

2- Substitute the new y y' y" relation in the equation 

3- Equate the least power co.eff. =0 


Solution steps ( singular point) 


1- Substitute in D.E 

2- Equate the least power co.eff. to get R.R 
3- Put (n=0) in RR the a n — a 0 to get an equation in A 
4- Solution A x ,A 2 


At — A 2 =£ integer 

Ax — A 2 

At — A 2 = integer (k) 

y(x) = + c 2 y 2 (x ) 

yi(x) = yCx.Ai) 

= x Al £a n x n 

y 2 (*) = y(x,A 2 ) 

— x A2 £a n x n 

yi = y(x,A i) 

[d(y (x,A))j 

y2 i « u 

Or 

r ( e -J p(x)dx-j 

y 2 = yW 2 dx 

J yi 


o |o 

II 

CN 

<^S 

II 

<^S 

Ai 

[ a k h=A 2 = 00 

y(x) = y(x, A 2 ) 

replace 
a 0 — c(A — A 2 ) 

Obtain y(x, A) 
yiO) = y(x,Ax) 

\d(y (x,A))] 

yz _ i " L>, 


1 

at large x -> co = - 


, dy 

y =7z ( - 


,,r) 



2 ^ 

n/i) 


then substiture when a> = 0 s.p or ordinary 



















Mapping 



_p!aAG- —p J^4 — 


Mapping types 


Translation 


Magnification(stretching) 


Rotation 


f(z) = Z + b 

= (x, y) + (z 0 .y 0 ) 

= (x + x 0 ) + i(y + y 0 ) 


w = f(z) — aZ — ar e 10 
a > 1 (real) 






w = BZ = r e*(0+0i) 

|B| = 1 rotates by 9\ 

\pt ^ C ft 


ir^ 



If |B| =£ 1 its mag. & Rot 


Linear Mapping 

BiLinear Mapping 

W - BZ + a 

B,a -> complex 

This will: 

1- Rotate by angle of arq(B) 

2- Magnification by |B| 

3- Translate by a 

az + (] a B 

W = ——=> p x *0 

yZ + S y S 

This wil : 

Convert upper half plane into a circle and vice 
versa and other apps. 




^ j (JjLawl (J^. dll ji-TN 


1 - W = f(z) 

2- . j U'lJ [_yajxj 

V «_>?■ J U Jip*- f-j^ -3 
Find v= f(u) then plot it -4 


Note = K 2 = 4C 2 (C 2 — U) parabola open to left 






























Rate change between w and z 


dco da> dz 

dt dz dt 

'd(u. v) 

dxdy = 


Ao) = |/'(z)| Az 


dudv => dxdy = |/'(z)| 2 dudv 


d(x, y ) 

(f ) 0 = e 0 + arg(/'(z 0 )) 


Conformal Mapping 


Mapping is called conformal if 6 between C 1 &C 2 = 9 between C[ & C 2 in magnitude and sense 



isognal 


NOTE : if / is analytic function in Domain containing Z 0 and /'(z 0 ) =£ 0 then w = f{z) is called 
conformal mapping 


Angle of Rotaion => arg(/'(z 0 )) 
angle of rotation =£ 8 


Mapping of upper half plane(UHP) 


UHP to circle 

W = e w Z Z ° z 0 G UHP 
z-z n 

Circle to UHP 

o 1 o 

£ 

1 1 

s s 

II 

N 



























Schwarz- Christoffel transformation (polygonal) 


y 


*1 x 2 

(a) The upper half-plane y > 0 


v 



converts x { , x 2 ,..., x n -> w x ,w 2 ,w 3 ... w n 


To get w = /(z) 


dw a i 1 02 a n x 

— = A(Z-X 1 )n (z-X 2 )tt ...{z-X n )n 


Solve laplace equation using mapping 


Laplace eqn. V 2 0 = 0 

by mapping 

0xx ~l~ 0yy — 0 = ’ > "I" — 0 


To sol for 0 

We always solve laplace equation in UHP, if not convert to it 


( p — + A 2 O 2 T *** + A n 0 n + B 

Where : ( elly gay dah malosh lazma ) 


(j>(x,0) 


k 0 , —00 < x < X\ 
ki, xi < x <x 2 


kn, x n < X < OO, 


harmonics because it's img part of : A x In (z - x x ) + A 2 ln{z — x 2 ) + —h A u ln(z — x n ) + iB 

















Special Functions 


(1) Gamma Function 


r(n) =1 x n 1 e x dx ,n> 0 


T(n + 1) = n! ( n + ve integer ) ex: T5 = 4! 

/3\ 1 /I 

T(n + 1) = n fn ( n + ve fraction ) ex : f 1-1 = - V 


T(n) = 


r(n + 1) 


( n — ve fraction) ex ■ T -J =-g- 


^_ r (- 2 ) 


special 

n = r2 = 11| ro = r(-i) = r(-ve) = °°ll r (§) = ^ 


r(x)r(i - x) = 


r (M 


t**?) 


= ttV2 


Asymptotic formula for gamma ( when n is very large 


T(n + 1) = n! = V2mr n n e ” ( n integer) 


(2) Beta Function 


B(m, n) = f x m 1 (1 — x) n 1 dx m,n> 0 
•'0 

n 

(x = sin 2 0) => B(m, n) = 2 f (sin#) 2 ” 1-1 (cos#) 2 ” -1 d# 

“'O 

(x = 1 — y) => B(n. m) — j (1 — y) m-1 y” -1 dy 

Jo 

( x = o) ^ B ( m > n ) = „ m + n _i f y m_1 O - y) n_1 rf y 
( y \ . , r (y m_1 ) , 


1 + y 


j B(m,n) = 

' J 


(1 + y) r 




B(m,n ) — B(n,m ) 
m — 1 

B(m,n) = -- B(m — l,n) 

K ’ ' n+m-1 


r(m)r(n) 

B(m,n ) = ^ ; — ( used to get definite integral ) 


T(m + n) 


r(m)r(l - m) = 


7T 


sinm7r 


= P( m 


,1-m) = | 

In 


co ( y m-l) 

(1 + y) m+n 


dy 


Special : 


fi(U) = l — = 


TC 


Steps of evaluating integral with beta 


-f 


(sin0) p (cos 9) q dd 


From def of B B(m, n) = 2 J Q 2 (sin#) 2 " 1 1 (cos0) 2n 1 dd 

P + 1 


P = 2m — 1 ••• m = 


q = 2n — 1 ••• n = 


2 

<7 + 1 


1 1 / 
t/ie va/ue of I = -B(jn, n) = — B I 


P + 1 q + 1 



(3) Bessel Function 


x 2 y" + xy' + ( x 2 - n 2 )y = 0 near x 0 = 0 

It's general solution using frobenius method 
y(x) = C 1 J n {x) + C 2 Y n (x) 

^\ 

Bessel fn 
Order n 
Kind 1 


v ( “ 1)r If J 

Jn(x) ~ Z r! T(n + r + 1) 

r =0 

Jo = -Ji 

Recurrence relations for bessel fun. 

2 n 

(1) Jn +lOO — Jn(X^ Jn- lC*0 

( 2 ) J'nix) = 1 [/„_! (x) -J n+1 (X)] 

(3) X]" n (x) = xy n _!(x) - ny„(x) 

(4) ^ [ x n / n (x)] = x n y n _ 1 (x) 

(5) ^ [x _ ”y n (x) = -x~ n y n+1 (x) 

(6) y_„(x) = (-D n y n (x) 

Asymptotic Formula for Bessel function (x very large ) 


-- 

Bessel fn 
Order n 
Kind 2 


2r+n 



/ri 0*0 — 


— 



2 / 

f u 

nn\ 

— cos 

X -- 

- 1 

XU ' 

^ 4 

2 / 


M 

Bessel generating function 

CX) 


^ t n J n (x) 

















